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A brief crash course on anytime-valid inference



A toy problem: is a coin biased?

Flip the coin n “ 100 times.

This is tempting, but inflates type-I error.
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A solution: Confidence sequences
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Estimation view

CI: @n, P pθ P 9Cnq ě 1 ´ α.

CS: P p@n, θ P sCnq ě 1 ´ α.

Testing view

CI: @n, P pθ R 9Cnq ď α.

CS: P pDn : θ R sCnq ď α.
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Confidence sequences, sequential tests, etc. draw on a rich literature:
(i) Ville, Wald (’30–’40s)
(ii) Robbins, Siegmund, Darling, and Lai (’60s–’80s)
(iii) Vovk, Shafer, Johari, Howard, Kaufmann, Ramdas, Wang, Grünwald,

de Heide, Koolen, Orabona, Jun, Duchi, and many more (2010s-’20s).

The vast majority of this work has been nonasymptotic:

PpDn P t1, 2, . . . u : errornq ď α.

4



Confidence sequences, sequential tests, etc. draw on a rich literature:
(i) Ville, Wald (’30–’40s)
(ii) Robbins, Siegmund, Darling, and Lai (’60s–’80s)
(iii) Vovk, Shafer, Johari, Howard, Kaufmann, Ramdas, Wang, Grünwald,

de Heide, Koolen, Orabona, Jun, Duchi, and many more (2010s-’20s).

The vast majority of this work has been nonasymptotic:

PpDn P t1, 2, . . . u : errornq ď α.

4



Statistical problem Fixed-n test/CI Anytime-valid test/CS/e-value

Parametric inference Neyman, Pearson,
Fisher, Wald, etc.

Robbins & co-authors (’60s, ’70s)
Grünwald et al. (2024)
Wasserman et al. (2020)

Sub-Gaussian (sub-ψ) Chernoff bounds Howard et al. (2020, ’21)

Bounded RVs Hoeffding,
(empirical) Bernstein

W-S & Ramdas (2024)
Orabona & Jun (2024)

E|X ´ µ|2`γ ă C Catoni (2012) and others Wang & Ramdas (2023)

Non-asymptotic inference
is provably impossible Central limit theorem Today’s talk.
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An overview of this line of work

Sequential conditional independence testing

P-uniform asymptotic anytime-valid inference

P-uniform strong laws
of large numbers

P-uniform KMT
approximation
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Background on asymptotic anytime-valid inference

Robbins & Siegmund (1970)
W-S et al., (2024a/2024b)

Bibaut et al. (2022)



Annals of Statistics, 2024
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We will look at doubly indexed intervals for each k ě m:

pC
p1q

k q8
k“1, pC

p2q

k q8
k“2, pC

p3q

k q8
k“3, . . .

Definition. (W-S et al., AoS 2024a)

We say Cpmq

k has asymptotic anytime p1 ´ αq-coverage for µ if

@P P P, lim sup
mÑ8

P
´

Dk ě m : µ R C
pmq

k

¯

ď α.
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Asymptotic anytime-valid inference in a picture
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Example: Let pXnqnPN be i.i.d. on pΩ,F , P q with mean µP and
variance σ2P .

Define pµn :“ 1
n

řn
i“1Xi and pσ2n “ 1

n

řn
i“1X

2
i ´ pµ2n.

If EP |X|3 ă 8, then pC
pmq

k q8
k“m has asymptotic coverage for µP where

C
pmq

k :“

«

pµk ˘ pσk

c

Ψ´1p1 ´ αq ` logpk{mq

k

ff

.

(See W-S et al. and Bibaut et al.). That is,

@P P P, lim
mÑ8

P
´

Dk ě m : µP R C
pmq

k

¯

“ α.
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However, notice that the guarantee

@P P P, lim
mÑ8

P
´

Dk ě m : µP R C
pmq

k

¯

“ α

is distribution-pointwise.

Many modern asymptotic methods aim to be distribution-uniform.
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P-uniform anytime-valid inference





Brief detour: uniform vs pointwise asymptotics
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Mathematically, the distinction is quite simple.

P -pointwise: sup
PPP

lim sup
nÑ8

P pµ R Cnq ď α.

P-uniform: lim sup
nÑ8

sup
PPP

P pµ R Cnq ď α.

(P-uniform ùñ P -pointwise for all P P P.)

Many refer to distribution-uniformity as “honesty”.
Ñ See Li (1989), Kuchibhotla, Balakrishnan, and Wasserman (2022, ’23)
Ñ Also, Robins et al. (2003) or §1.2.4 in Tsybakov for pointwise “pathologies”.
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What is unsettling about pointwise asymptotics?

Thought experiment: Suppose we want type-I error at most α ` ε. Take
n P t1, 2, . . . u to be as large as you like.

Pointwise: DP pnq P P so that P pnq pµ R Cnq ą α ` ε

.

Uniform: @P P P, we have P pµ R Cnq ă α ` ε

.
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A guarantee like

lim sup
nÑ8

sup
PPP

P pµ R Cnq ď α

allows us to articulate what distributional properties certain
asymptotic approximations are insensitive to.

17



</detour>
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From here onwards, let’s take uniformity as a desideratum
(remembering that pointwise asymptotics are obtained for free).

This will lead to strictly stronger statistical guarantees and motivate
some interesting explorations in probability (latter half of the talk).
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Let pXnqnPN be i.i.d. on pΩ,F , P qPPP where P is a collection of
distributions for which

sup
PPP

EP |X ´ µP |2`δ ă 8 for some δ ą 0.

Theorem (W-S et al., 2024b): P-uniform anytime-valid inference.

Given the confidence set from a few slides ago,

C
pmq

k :“

«

pµk ˘ pσk

c

Ψ´1p1 ´ αq ` logpk{mq

k

ff

,

we now have asymptotic p1 ´ αq-coverage uniformly in P:

lim
mÑ8

sup
PPP

P
´

Dk ě m : µP R C
pmq

k

¯

“ α.
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Asymptotic anytime-valid inference in a picture
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But how were we able to show that

C
pmq

k :“

«

pµk ˘ pσk

c

Ψ´1p1 ´ αq ` logpk{mq

k

ff

?

satisfies the P-uniform coverage guarantee?

After some algebraic juggling, this can be reduced to showing that

Ñ reduces time- and P-uniform coverage / type-I error control to P-uniform
convergence in distribution to this d.f. Ψ.
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Ψ: The Robbins-Siegmund distribution

Consider the function

Ψpxq :“ 1 ´ 2
“

1 ´ Φp
?
xq `

?
xϕp

?
xq
‰

; x ě 0,

where Φ is the Gaussian CDF and ϕ is the Gaussian density.

Fact: Ψ is a continuous CDF on x ě 0.
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Where does a distribution like Ψ arise?

Let pW ptqqtě0 be a Wiener process (1-dim Brownian motion).

Take the following transformation:

ζ :“ sup
tě1

"

W ptq2

t
´ logptq

*

.

Then Ppζ ď xq “ Ψpxq; x ě 0.
(see Robbins & Siegmund (1970) or W-S et al., 2024a).
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How can we formally relate the distributions of

sup
kěm

"

k ¨ ppµk ´ µq2

pσ2k
´ logpk{mq

*

and sup
tě1

"

W ptq2

t
´ logptq

*

for large m?

The answer relies on some new strong Gaussian approximation theory.
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An overview of this line of work

Sequential conditional independence testing

P-uniform asymptotic anytime-valid inference✓

P-uniform strong laws
of large numbers

P-uniform KMT
approximation
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P-uniform Komlós-Major-Tusnády (KMT) approximation
(Or strong Gaussian approximation; strong invariance principles)





A crash course on strong Gaussian approximation

Suppose pXnqnPN are mean-zero i.i.d. on pΩ,F , P q with EP |X|q ă 8; q ą 2.
While the CLT allows us to conclude

1
?
n

n
ÿ

i“1

Xi{σ
d
ÝÑ Np0, 1q,

more can be said.
There exists an implicit pYnqnPN of i.i.d. Np0, σ2q such that∣∣∣∣∣ n

ÿ

i“1

Xi ´

n
ÿ

i“1

Yi

∣∣∣∣∣ “ o
´

n1{q
¯

P -a.s.

(Strassen ’64, ’67; Komlós-Major-Tusnády ’75, ’76, Major ’76).
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A crash course on strong Gaussian approximation

A statement like ∣∣∣∣∣ n
ÿ

i“1

Xi ´

n
ÿ

i“1

Yi

∣∣∣∣∣ “ o
´

n1{q
¯

P -a.s.

was used in Bibaut et al. (2022) and W-S et al. (2024a) to derive
P -pointwise anytime-valid inference guarantees like

@P P P, lim
mÑ8

P
´

Dk ě m : µ R C
pmq

k

¯

“ α.

27



However, the results of Strassen, KMT, and the surrounding literature is
fundamentally P -pointwise.

Let us now generalize the notion of strong approximations to classes of
distributions P and show exactly when opn1{qq rates are attainable.

(Our results are actually nonasymptotic, but I will omit those details.)
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Definition (W-S et al., 2025): P-uniform strong approximation

We say
řn

i“1Xi satisfies a P-uniform strong approximation on
pΩ,F , P qPPP with a rate of rn if

@ε ą 0, lim
mÑ8

sup
PPP

P

˜

sup
kěm

∣∣∣∣∣
řk

i“1Xi ´
řk

i“1 Yi
rk

∣∣∣∣∣ ě ε

¸

“ 0.

Shorthand notation:
n
ÿ

i“1

Xi ´

n
ÿ

i“1

Yi “ soPprnq.

Note when P “ tP u : sup
kěm

|Zk| “ oP p1q if and only if Zn “ op1q P -a.s.
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Theorem (W-S et al., 2025): P-uniform KMT approximation, Part I.

Suppose pXnqnPN are i.i.d. mean-zero and unit variance on pΩ,F , P qPPP . Then

lim
mÑ8

sup
PPP

EP r|X|q 1t|X|q ą mus “ 0

if and only if
n
ÿ

i“1

Xi ´

n
ÿ

i“1

Yi “ soPpn1{qq.

Note: Uniform integrability ðñ sup
PPP

EP rφp|X|qqs ă 8 for some φpxq{x Ñ 8.

Corollary (KMT ’76): EP |X|q ă 8 ðñ
řn

i“1Xi ´
řn

i“1 Yi “ opn1{qq P -a.s.
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Returning back to the convergence in distribution result,

sup
kěm

!

statistic
pmq

k

)

P
ÝÑ Ψpxq

The proof proceeds something like this:

(a) pµk :“ 1
k

řk
i“1Xi « 1

k

řk
i“1 Yi Gaussians uniformly in P and k ě m.

(b)
řk

i“1pYi ´ µP q{σP « W pkq for a Wiener process pW ptqqtě0.

(c) Scale-invariance: sup
kěm

␣

pW pkqq2{k ´ logpk{mq
( d

“ sup
tě1

␣

pW ptqq2{t´ logptq
(

.

(d) Recall that ζ :“ sup
tě1

␣

pW ptqq2{t´ logptq
(

„ Ψ.
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However, there’s one last missing piece. The statement

lim
mÑ8

sup
PPP

sup
xě0

∣∣∣∣P ˆ

sup
kěm

"

k ¨ ppµk ´ µP q2

pσ2k
´ logpk{mq

*

ď x

˙

´ Ψpxq

∣∣∣∣ “ 0

involves pσ2k not σ2P .

In a nutshell, we need that

pσ2n ´ σ2P “ opn´βq

almost surely and P-uniformly for some β ą 0.
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P-uniform asymptotic anytime-valid inference✓

P-uniform strong laws
of large numbers

P-uniform KMT
approximation✓
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P-uniform strong laws of large numbers





A.N. Kolmogorov’s SLLN (1930):

X is integrable EP |X| ă 8 if and only if

1

n

n
ÿ

i“1

Xi ´ EPX “ op1q P -a.s.

This is a P -pointwise statement.
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Kai Lai Chung’s SLLN (1951):

“For use in statistical applications, Professor Wald
raised the question of the uniformity of the SLLN with
respect to a family of distributions.”

If X is P-uniformly integrable, i.e.

lim
mÑ8

sup
PPP

EP t|X|1t|X| ą muu “ 0,

Then

1

n

n
ÿ

i“1

Xi ´ EX “ soPp1q.
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However, both Kolmogorov’s and Chung’s SLLNs say that

1

n

n
ÿ

i“1

pXi ´ EP pXqq Ñ 0 a.s.,

whether P -pointwise or P-uniformly.

(i) Can anything be said about how fast this converges?
(ii) If EP |X| “ 8 (e.g. Cauchy), can we control how fast this diverges?
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Marcinkiewicz-Zygmund (M-Z) SLLN (1937):

EP |X|q ă 8; q P r1, 2q if and only if

1

n

n
ÿ

i“1

Xi ´ EPX “ o
´

n1{q´1
¯

P -a.s.

Moreover, for q P p0, 1q, EP |X|q ă 8 if and only if

1

n

n
ÿ

i“1

Xi “ o
´

n1{q´1
¯

P -a.s.

Like Kolmogorov’s SLLN, this is P -pointwise. What about a P-uniform generalization?
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Theorem (W-S et al. 2024c): A P-uniform M-Z SLLN.

For q P r1, 2q,

lim
mÑ8

sup
PPP

EP r|X ´ EPX|q1t|X ´ EPX|q ě mus “ 0

if and only if

1

n

n
ÿ

i“1

Xi ´ EX “ soPpn1{q´1q,

and similarly for q P p0, 1q but with EPX replaced by 0.

Again, unif. integrability ðñ sup
PPP

EP rφp|X ´ EPX|qqs ă 8 for φpxq{x Ñ 8.

This unifies the SLLNs of Kolmogorov (’30), M-Z (’37), and Chung (’51).
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Returning back to the convergence in distribution result,

lim
mÑ8

sup
PPP

sup
xě0

∣∣∣∣P ˆ

sup
kěm

"

k ¨ ppµk ´ µP q2

pσ2k
´ logpk{mq

*

ď x

˙

´ Ψpxq

∣∣∣∣ “ 0

we have that pσ2k ´ σ2P “ soPpn´βq as long as sup
PPP

EP |X ´ µP |2`δ ă 8, for
example.
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Theorem (W-S et al., 2024b): P-uniform anytime-valid inference.

Suppose sup
PPP

EP |X ´ µP |2`δ ă 8.

Then for the sequence of intervals

C
pmq

k :“

«

pµk ˘ pσk

c

Ψ´1p1 ´ αq ` logpk{mq

k

ff

,

we have
lim

mÑ8
sup
PPP

P
´

Dk ě m : µP R C
pmq

k

¯

“ α.

At the risk of oversimplification, this is a drop-in anytime-valid
replacement for CLT-based confidence intervals (and tests, etc.).
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Given i.i.d. R ˆ R ˆ Rd-valued triplets pXn, Yn, ZnqnPN, we want to test

H0 : X KK Y | Z versus the alternative H1 : X ��KK Y | Z.

Under the so-called Model-X assumption (Candès et al. 2018):
#

Model-X: X | Z is known exactly
+

,

some very satisfying nonasymptotic anytime-valid tests exist.
(Duan-Ramdas-Wasserman ’22, Shaer et al. ’23, Grünwald-Henzi-Lardy ’23).
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What about moving beyond Model-X?

Paraphrasing a quote from Grünwald, Henzi, and Lardy (2023):

“the anytime-valid tests in this paper are highly tailored to the Model-X
assumption, and it is an open question to us as to how to construct general
sequential tests of conditional independence without it.”

We provide one answer to this open question.
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First, let’s discuss their hardness result.
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Why do prior works assume that X | Z was known (Model-X)?
Suppose pXi, Yi, Ziq

n
i“1 are supported on the unit cube

P‹ “ tdist’ns on r0, 1s3u.

We are interested in the null

P‹
0 :“ tP P P‹ : X KKP Y | Zu vs P‹

1 :“ P‹zP‹
0 .

Theorem (Shah & Peters ’20): Hardness of cond. independence testing

Let 9Γn be any P‹
0 -uniform hypothesis test.

sup
PPP‹

1

lim
nÑ8

P
´

9Γn rejects
¯

looooooooooooooomooooooooooooooon

Best-case power

ď lim
nÑ8

sup
PPP‹

0

P
´

9Γn rejects
¯

looooooooooooooomooooooooooooooon

Worst-case type-I error

ď α.

In words: “The most powerful uniform test is the one that ignores pXi, Yi, Ziq
n
i“1

and rejects with probability α.”.
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Anytime-valid conditional independence testing is similarly hard.

Theorem (W-S et al., 2024b): Hardness of anytime-valid cond. indep. testing

Let sΓ
pmq
n be any P‹

0 -uniform anytime test.

sup
PPP‹

1

lim
mÑ8

P
´

Dk ě m : sΓ
pmq

k rejects
¯

loooooooooooooooooooooooomoooooooooooooooooooooooon

Best-case anytime power

ď lim
mÑ8

sup
PPP‹

0

P
´

Dk ě m : sΓ
pmq

k rejects
¯

loooooooooooooooooooooooomoooooooooooooooooooooooon

Worst-case anytime type-I error

ď α.
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Despite their pessimistic result, Shah & Peters show that there is still hope.

Using pXn, Yn, ZnqnPN, define

Ri,n :“ tXi ´ pµxnpZiqu ¨ tYi ´ pµynpZiqu,

where pµxn and pµyn are estimates of µxpZq :“ EpX | Zq and µypZq :“ EpY | Zq.
Define the generalized covariance measure (GCM) statistic:

9GCMn :“
1

n

n
ÿ

i“1

Ri,n{pσn.

Intuition: if pµxn « µx and pµyn « µy, then

Ri,n « tXi ´ µxpZiqu ¨ tYi ´ µypZiqqu, EH0pRi,nq “ 0.
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Define the generalized covariance measure (GCM) statistic:

9GCMn :“
1

n

n
ÿ

i“1

Ri,n{pσn.

Intuition: if pµxn « µx and pµyn « µy, then

Ri,n « tXi ´ µxpZiqu ¨ tYi ´ µypZiqqu, EH0pRi,nq “ 0.
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Theorem (Shah & Peters ’20): The GCM test

Suppose sup
PPP0

EP |tXi ´ µxpZiqu ¨ tYi ´ µypZiqqu|2`δ ă 8 and

sup
PPP0

}pµxn ´ µx}L2pP q ¨ }pµyn ´ µy}L2pP q “ op1{
?
nq.

Then lim
nÑ8

sup
PPP0

sup
αPp0,1q

|P ppn ď αq ´ α| “ 0,

where pn :“ 1 ´ Φp
?
n 9GCMnq.

In particular, 9Γn :“ 1t|
?
n 9GCM| ě Φ´1p1 ´ α{2qu is a P0-uniform

level-α test for conditional independence with nontrivial power!
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The sequential generalized covariance measure (SeqGCM)

Define ĞGCMk :“
1

k

k
ÿ

i“1

tXi ´ pµx
i pZiqu ¨ tYi ´ pµy

i pZiqqu{pσk.

Theorem (W-S et al., 2024b): The SeqGCM test

Under the same conditions as the GCM test (Shah & Peters, 2020), suppose

sup
PPP0

}pµx
n ´ µx}L2pP q ¨ }pµy

n ´ µy}L2pP q “ O

ˆ

1{

b

n log2`δ
pnq

˙

.

Then, lim
mÑ8

sup
PPP0

P
´

Dk ě m : sp
pmq

k ď α
¯

“ α,

where sp
pmq

k :“ 1 ´ ΨpkĞGCM
2
k ´ logpk{mqq.
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GCM vs SeqGCM: type-I error and power
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Kolmogorov (1937) Chung (1951) M-Z (1937) This work

q “ 1 ✓ ✓ ✓ ✓

q P p0, 2q ✓ ✓

P-uniform ✓ ✓

“if and only if” ✓ ✓ ✓
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A word on uniform integrability



Uniform integrability of the qth moment,

lim
mÑ8

sup
PPP

EP r|X ´ EPX|q1t|X ´ EPX|q ě mus “ 0

is equivalent to the φp| ¨ |qqth moment being P-uniformly bounded:

sup
PPP

EP rφp|X ´ EPX|qqs ă 8,

for some φp¨q ě 0 so that lim
yÑ8

φpyq

y
“ 8.

(due to Charles Jean de la Vallée-Poussin)
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A P-uniform SLLN for non-identically distributed random variables



Theorem (W-S et al., 2024c): A P-uniform SLLN for non-iid RVs

Let pXnqnPN be independent RVs on pΩ,F , P qPPP . Suppose

lim
mÑ8

sup
PPP

8
ÿ

k“m

EP |Xk ´ EPXk|q

aqk
“ 0

for some an Õ 8 and some q P r1, 2s. Then,

1

n

n
ÿ

i“1

pXi ´ EXiq “ soPpan{nq,

This is a P-uniform generalization of the usual independent SLLN
(see §IX of Petrov (1975)).
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